The explicit solution of a linear difference equation of unbounded order with variable coefficients is presented. As special cases, the solutions of nonhomogeneous and homogeneous linear difference equations of order N with variable coefficients are obtained. From these solutions, we also get expressions for the product of companion matrices, and the power of a companion matrix. ᮊ 1998 Academic Press
INTRODUCTION
Linear difference equations or linear recurrences play a significant role in different areas of science and engineering. Pioneering work on the w x asymptotics of linear difference equations was done by Poincare 1 . Asymptotics of solutions of linear recurrences with coefficients having w x w x series representations have also been studied by Adams 2 , Birkhoff 3 , w x w x w x w x Trjitzinsky 4᎐6 , Culmer, Harris 7 , Sibuya 8 , Immink 9 , Wimp, and w x Zeilberger 10 . Further work on convergence properties of linear recurw x rence sequences has been presented by Kooman and Tijdeman 11 . A survey of the literature on explicit solutions of linear recurrences reveals that in the case of linear recurrences with constant coefficients, the explicit solutions in terms of coefficients are well known. That is no longer the w x case when the coefficients vary with the index 12 . A method of solving linear matrix difference equations with constant coefficients by using w x operator identities has been presented by Verde-Star 13 . For equations with variable coefficients, the closed-form solution of the first-order equaw x tion is known 14᎐16 . If N y 1 linearly independent solutions of a homogeneous equation of order N are known, then any other linearly independent solution can be obtained explicitly in terms of the known Ž . solutions by using the Casoratian Wronskian in discrete domain w x 14, 15, 17, 18 . For a second-order linear homogeneous difference equation with variable coefficients, explicit solutions in terms of coefficients have w x w x been presented by Buchberger 19 
Ž . Proof. From the difference equation 1 , it is clear that its solution is of Ž . Ž . Ž . the form 2 . Substituting 2 in 1 , we obtain, for i s 1, . . . ,
Ž . If we can show that c given by 3 satisfies 5 , then the proposition will k, i be proved.
Ž . Ž . Now using 3 , the right-hand side of 5 can be expressed as
Ž . for i s 1, . . . , k y 1, k G 2, from 3 . Therefore we conclude that the Ž . Ž . expression for c given by 3 obeys 5 , which proves the proposition.
LINEAR DIFFERENCE EQUATION OF ORDER N
We consider the linear difference equation Ž .
Ž . summation on the right-hand side of 12 to be nontrivial, the conditions
Ž .
need to be satisfied. Therefore we get
Ž . in 11 and 14 respectively, and combining the two results, we obtain the proposition.
Ž .
Note that difference equation 8 with initial values y , . . . , y can be Ž . 
are given by 9b for k G 1, and by Ž .
Ž . where y and A are defined in 17 .
Ž . Comparing 17 , 21 , and 23 , we find that the product of companion matrices can be expressed as defined by 17b , and d , the entry in the ith row 
It can easily be shown that the characteristic equation of A is given by
Based on this result, we have the following proposition for linearly inde-Ž . pendent solutions of the homogeneous version of difference equation 8 
Ž . Ž . Ž . Ž . 
